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Recap by case study

drug A drug B

D+ a b mq
D- c d Mo
nq N9 N

® Let p; = a/n; be the estimator for m; = P(D + |drug = A), and ps = b/ny
be the estimator for my = P(D + |drug = B)

1 —
® QOdds ratio OR = M which can be estimated by
oy
~ pi/(1—p
OR="—"—"
p2/(1 —pa)
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Recap by case study

Why this estimator makes sense
95% confidence interval for OR
Use and misuse of OR
OR vs. risk ratio (RR)

Another look at the rare disease condition by examining correlation
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Review

Definition 1.1.1: The set, .S, of all possible outcomes of a particular experiment
is called the sample space for the experiment J

Definition 1.1.2: An event is any collection of possible outcomes of an
experiment, that is, any subset of S (including S itself) J
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Review

Definition 1.2.4: Given a sample space S and an associated sigma algebra B3, a
probability function is a function P with domain B that satisfies

e P(A)>0forall Ac B

e P(S)=1

o If Ay, Ay, ... € B are pairwise disjoint, then P(U2, A;) = >, P(A;)
(countable additivity)

® |tems 1-3 are called Kolmogorov axioms of probability
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The calculus of probabilities (consequences of 1.2.4)

Theorem 1.2.8: IF P is a probability function and A is any set in B, then
e P(() = 0 where ) is the empty set
e P(A)<1
e P(A9)=1-P(A)
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Review

Theorem 1.2.9: If P is a probability function and A and B are any sets in B,
then

e P(BNA®)=P(B)— P(ANnB)
e P(AUB)=P(A)+ P(B)— P(ANB)
e If AC B, then P(A) < P(B)
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Review

PUit A;) < iP(Ai)

® (Can see this from Theorem 1.2.9 which implies
P(AUB) < P(A)+ P(B)
® Bonferroni's inequality tells us that if we make the probability of a type |
error on any given comparison «/ K, then the FWE will be

K
P(U {type l error on test i}) <> /K =«
=1
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Review

Number of possible arrangements of size r from n objects

Without replacement With replacement
|
n!

Ordered — n"
(n—r)!
Unordered (”) ("”71)

T
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Review

Definition 1.3.2: If A and B are events in S, and P(B) > 0, then the
conditional probability of A given B, written as P(A|B), is

P(ANB)

P(AIB) = —5
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Review

Theorem 1.3.5 (Bayes’s Rule): Let A, A, ... be a partition of the sample
space, and let B be any set. Then for each i =1,2,.. .,

P(B|A;)P(A:)

21 P(B|A;)P(4;)

P(Az"B> =
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Review

Definition 1.3.7: Two events A and B are statistically independent if

P(AN B) = P(A)P(B)

Definition 1.3.12: A collection of events Ay, ..., A, are mutually
independent if for any subcollection A;,, ..., A;,, we have

k

P(NS_1A;;) = [ P(As)

j=1
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Review

Theorem 1.3.9: If A and B are independent events, then the following pairs are
also independent:

e A and B¢
e A°and B
e A¢ and B¢

® Related If two random variables are independent then functions of those
random variables are independent

Shu, D (Penn&CHOP) 13 /90



Review

Definition 1.4.1: A random variable is a function from a sample space S into
the real numbers J

® This is a simplified definition
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Review

Definition 1.5.1: the cumulative distribution function or cdf of a random
variable X, denoted by F'x(x), is defined by

Fx(z) = Px(X <z) forall z
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Review

Theorem 1.5.10: The following two statements are equivalent:
® The random variables X and Y are identically distributed
® F'x(x) = Fy(x) for every x
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Review

Definition 1.6.1: The probability mass function (pmf) of a discrete random
variable X is given by

fx(z) = P(X = x) for all x

Definition 1.6.3: The probability density function (pdf) fx(z) of a
continuous random variable X is the non-negative function that satisfies

Fx(z) = /OO Fx(t)dt for all
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Review

Theorem 1.6.5: A function fx(x) is a pdf (or pmf) of a random variable X if
and only if

o fx(z) >0 forall x
* 2, fx(@) =1 (pmf) or [%, fx(x)dz =1 (pdf)
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Review

o Common discrete distribution

® Bernoulli

Binomial

Poisson (and Poisson Process)
Discrete uniform

Geometric

Hypergeometric

Negative binomial
Multinomial
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Review

e Common continuous distribution

Normal

Cauchy

Uniform
Exponential
Gamma

Weibull

Beta

log normal

Double exponential
Chi-squared, t, F

e And their relations
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Review

Theorem 2.1.5: Let X have pdf fx(x) and let Y = ¢g(X), where g is a
monotone function. Let X and ) be defined as in Theorem 2.1.3. Suppose that
fx(z) is continuous on X and that ¢g~'(y) has a continuous derivative on ).
Then the pdf of Y is given by

-1 d =1
fy(y){ fx(g (y))'dyg (y)‘ yey

0 otherwise
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Review

Theorem 2.1.8: Let X have pdf fx(z) and let Y = ¢g(X), and define X’ as
above. Suppose there exists a partition Ay, Ay, ..., Ay, of X such that
P(X € Ap) =0 and fx(z) is continuous on each A;. Further, suppose there
exist functions g, (z), ..., gr(x), defined on Ay, ..., A, respectively, satisfying
® g(x) = gi(x) for x € A;
® g;(z) is monotone on A;

® Theset Y ={y:y=gi(x) for some z € A;} is the same for each
t1=1,...,k, and
® g '(y) has a continuous derivative on Y, for each i = 1,2,..., k. Then
S
fy(y){ i frle ‘d 5 )| yey
0 otherwise
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Review

Theorem 2.1.10 (Probability integral transformation): Let X have
continuous cdf Fx(z) and define the random variable Y as Y = F'x(X). Then
Y ~uniform(0,1), thatis, P(Y <y) =9y, 0<y<1
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Review

Definition 2.2.1: The expected value or mean of a random variable g(X),
denoted E{g(X)}, is

) IS 9(@) fx(x)d if X i ntinuou
Blg(X)) = { Ywex () fx () =Y e 9(@)P(X =2) if X iz Ei(i)screteo i

provided that the integral or sum exists. If E|g(X)| = oo, we say that E{g(X)}
does not exist
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Review

e Consider g(X) = X

Definition: The expected value or mean of a random variable X, denoted
E(X), is

E(X) = JZo0 2 fx(7)dx if X is continuous
| Seexxfx(x) =Y e xP(X =x) if X is discrete

provided that the integral or sum exists. If E|X| = oo, we say that E(X) does
not exist

Shu, D (Penn&CHOP) 25 / 90



Review

Definition 2.3.1: For each integer n, the nth moment of X (or Fix(x)), 1, is
py, = B(X™)
The nth central moment of X, u,, is

pn = E{(X = p)"}

where p = ) = E(X)
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Review

Definition 2.3.2: The variance of a random variable X is its second central
moment, Var(X) = E[{X — E(X)}?]. The positive square root of Var(X) is the
standard deviation of X

e Var(X) = E(X?) — {B(X)}?
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Review

Theorem 2.2.5: Let X be a random variable and let a, b and ¢ be constants.
Then for any functions g;(z) and go(x) whose expectations exist,

E(agi(X) + bga(X) + ¢) = aE{g1(X)} + bE{g2(X)} + ¢

e If g1(x) >0 for all z, then E{¢;(X)} >0
o If g1(z) > go(x) for all z, then E{g1(X)} > E{g2(X)}

If a < g1(x) < bforall x, then a < E{g:1(X)} <b

Theorem 2.3.4: If X is a random variable with finite variance, then for any
constants a and b,

Var(aX + b) = a®*Var(X)
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Review

Definition 2.3.6: Let X be a random variable with cdf Fx. The moment
generating function (mgf) of X (or of F), denoted by Mx(t), is

MX (t) = E(€tX)

provided that the expectation exists for ¢ in some neighborhood of 0 (i.e. 3h >0
such that, Vt € (—h, h), E(e*X) exists). If the expectation does not exist in a
neighborhood of 0, we say that the mgf does not exist
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Review

Theorem 2.3.7: If X has mgf Mx(t), then
B(X") = M (0)

where we define g
= —Mx(t
dtn ( )’

That is, the nth moment is equal to the nth derivative of M (t) evaluated at
t=20

ML (0)

Shu, D (Penn&CHOP)
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Review

Theorem 2.3.11: Let Fx(z) and Fy (y) be two cdfs all of whose moments exist
e |f X and Y have bounded support, then Fx(u) = Fy(u) for all u if and only
if E(X") = E(Y") for all integers r =0,1,2,...
e If the mgfs exist and Mx(t) = My (t) for all ¢ in some neighborhood of 0,
then Fix(u) = Fy(u) for all u
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Review

Theorem 2.3.12 (Convergence of mgfs): Suppose {X;,i =1,2,...} isa
sequence of random variables, each with mgf My, (¢). Furthermore, suppose that
lim My, (t) = Mx(t)

1— 00
for all ¢ in a neighborhood of 0, and Mx(¢) is an mgf. Then there is a unique cdf
Fx whose moments are determined by M (t) and, for all z where Fx(z) is

continuous, we have
lim Fx,(z) = Fx(z)

17— 00

® That is, convergence of mgfs to an mgf (for |t| < h) implies convergence of
the cdfs
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Review

Theorem 2.3.15: For any constants a and b, the mgf of the random variable
aX + b is given by
MaXer(t) = Bthx(at>
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Review

e Exponential families A family of pdfs or pmfs is called an exponential
family if it can be expressed as

F(2:0) = h(z exp(Zwl £ )

where h(z) > 0 and ¢1(z), ..., tx(z) are real-valued functions of the
observation x (they cannot depend on 6), and ¢(f) > 0 and

wy (@), ..., wg(0) are real-valued functions of the possibly vector-valued
parameter 6 (they cannot depend on x)
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Review

Definition 3.5.5: Let f(z) be any pdf. Then for any p € (—o0, 00) and any

o > 0, the family of pdfs (1/0)f((z — p)/0), indexed by the parameter (p, ), is
called the location-scale family with standard pdf f(z); p is called the
location parameter and o is called the scale parameter
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Review

Definition 4.1.1: An n-dimensional random vector is a function from a
sample space S into R", n-dimensional Euclidean space J
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Review

Definition 4.1.3: Let (X,Y) be a discrete bivariate random vector. Then
function f(z,y) from R? into R defined by f(z,y) = P(X = z,Y = y) is called
the joint probability mass function or joint pmf of (X, Y)

® To be clearer, the notation fx y(z,y) will be used

® Use the joint pmf to calculate probability of any event:

P{X,Y)eA}= > f(z,y)

(z,y)€A
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Review

Theorem 4.1.6: Let (X,Y) be a discrete bivariate random vector with
joint pmf fxy(z,y). Then the marginal pmfs of X and Y, fx(z) and fy(y),
respectively, are given by

fx(@) =" fxy(z,y)

yeER

and

fY(?/) = Z fX,Y(iE,y)

TER
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Review

Definition 4.1.10: A function f(z,y) from R? into R is called a joint
probability density function or joint pdf of the continuous bivariate random
vector (X,Y) if, for every A C R?

P((X,Y) € A) :/A/f(x,y)dxdy

® Expectation of a function of a bivariate continuous random variable

E{g(X,Y)} = /_O; /_O:O 9(z,y) f (2, y)drdy

Shu, D (Penn&CHOP)
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Review

® The marginal probability density functions of X and Y are given by

fx(z) = /O:O f(z,y)dy, —oo <1 < o0

) = [ fleyde, —o0 <y <o

® Any function f(z,y) > 0, ¥(z,y) € R? with

1—/ / fz,y)dzdy

is the joint pdf of some continuous bivariate random vector (X,Y)
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Review

Definition 4.2.1: Let (X,Y) be a discrete bivariate random vector with joint

pmf f(x,y) and marginal pmfs fx(z) and fy(y). For any x such that
P(X =z) = fx(z) > 0, the conditional pmf of Y given that X = z is the

function of y denoted by f(y|z) and defined by

f(z,y)
flyle) =PY =yl X =2) =
(i) = POV =3l = o) = 22
For any y such that P(Y = y) = fy(y) > 0, the conditional pmf of X given
that Y = y is the funct|on of x denoted by f(z|y) and defined by

flaly) = PX = alY =) = £2Y
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Review

¢ Define conditional expected value of ¢g(Y') given X =z as

E{g(Y)|z} = Z 9(y) f(ylx)
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Review

Definition 4.2.3: Let (X,Y’) be a continuous bivariate random vector with joint
pdf f(x,y) and marginal pdfs fx(z) and fy(y). For any x such that fx(z) > 0,
the conditional pdf of Y given that X = x is the function of y denoted by

f(y|x) and defined by
flylz) = f@.9)

 fx(@)
For any y such that fy(y) > 0, the conditional pdf of X given that Y =y is
the function of = denoted by f(x|y) and defined by

f(z,y)
fY(y>

f(zly) =
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Review

¢ Define conditional expected value of g(Y') given X = z as

E{g(M)lz} = [ gw)f la)dy
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Review

® The variance of the probability distribution described by f(y|z), denoted by
Var(Y'|z), is called the conditional variance of Y given X =z

Var(Y|z) = E(Y?|z) — {E(Y|z)}?
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Review

Definition 4.2.5: Let (X,Y) be a bivariate random vector with joint pdf or pmf
f(z,y) and marginal pdfs or pmfs fx(x) and fy(y). Then X and Y are called
independent random variables if for every x € R and y € R,

f(z,y) = fx (@) fy(y)
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Review

Lemma 4.2.7: Let (X,Y) be a bivariate random vector with joint pdf or pmf
f(z,y). Then X and Y are independent random variables if and only if there
exist functions g(x) and h(y) such that, for every z € R and y € R,

f(z,y) = g(x)h(y)
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Review

Theorem 4.2.10: Let X and Y be independent random variables.
® Forany AC R and B C R,

P(Xe€AYeB)=P(X e AP €B)

that is, the events {X € A} and {Y € B} are independent events
® Let g(x) be a function only of = and h(y) be a function only of y. Then

E{g(X)h(Y)} = E{g(X)} - E{n(Y)}

Shu, D (Penn&CHOP)
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Review

Theorem 4.2.12: Let X and Y be independent random variables with moment
generating functions M (t) and My (t). Then the moment generating function
of the random variable Z = X + Y is given by

Mp(t) = Mx (t) My (1)
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Review

Theorem 4.2.14: Let X ~ n(y,0?) and Y ~ n(v,72) be independent normal
random variables. Then the random variable Z = X +Y has a n(u + v, 02 + 72)
distribution
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Review

e Bivariate transformations (see previous notes for details)
® Discrete case

fU,V(u’U) :P(U:u7V:U)ZP((X7Y) GAUU) = Z fX,Y(-Tvy)
(z,y)EAuw

® Continous case (assuming 1 to 1 transformation)

— fX,Y(hl(u7 ’U),hg(u,’l))ﬂj‘ ('LL,U) €B
Joy(u,v) = { 0 otherwise
® Continous case (not 1 to 1)
k
fov(u,0) = fxy (hii(u,v), has(u, v))| Ji]
i=1
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Review

Theorem 4.3.5: Let X and Y be independent random variables. Let g(.X) be a
function only of X and h(Y") be a function only of Y. Then the random variables
U=g¢g(X)and V = h(Y) are independent
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Review

Theorem 4.4.3: If X and Y are any two random variables, then
E(X) = E{E(X|Y)}

provided that the expectations exist )

Theorem 4.4.7 (Conditional variance identity): For any two random
variables X and Y,

Var(X) = E{Var(X|Y)} + Var{E(X|Y)}

provided that the expectations exist )
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Review

Definition 4.5.1: The covariance of X and Y is the number defined by

Cov(X,Y) = B{(X — ux)(Y — py)}

Theorem 4.5.3: Cov(X,Y) = E(XY) — uxuy

Definition 4.5.2: The correlation of X and Y is the number defined by

The value px y is also called the correlation coeffcient

Shu, D (Penn&CHOP)

54 / 90



Review

Theorem 4.5.5: If X and Y are independent random variables, then
Cov(X,Y)=0and pxy =0 J

® Independence implies 0 covariance, but not the other way around
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Review

Theorem 4.5.6: If X and Y are any two random variables and a and b are any
two constants, then

Var(aX + bY) = a*Var(X) + b*Var(Y) + 2abCov(X,Y)

If X and Y are independent random variables, then

Var(aX +bY) = a*Var(X) + b*Var(Y)
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Review

Theorem 4.5.7: For any random variables X and Y,
e —1<pxy <1

® |pxy| = 1if and only if there exist numbers a # 0 and b such that
PY =aX +b)=1.If pxy =1, thena >0, and if pxy = —1, then a <0
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Review

e Multivariate distributions (see previous notes for details)
® joint distribution
® marginal distribution
® conditional distribution
® expected value
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Review

Definition 4.6.5: Let X,..., X,, be random vectors with joint pdf or pmf
f(x1,...,x,). Let fx,(x;) denote the marginal pdf or pmf of X;. Then
X1,...,X, are called mutually independent random vectors if, for every

(T1,...,2,),

n

f(wlv 000 7mn) = le(wl) o 'an(wn) = Hsz(wl)

=1

e |f X;s are all one-dimensional, then X1,..., X, are called mutually
independent random variables

Shu, D (Penn&CHOP)
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Review

Theorem 4.6.6 (Generalization of Theorem 4.2.10): Let X;,..., X, be
mutually independent random variables. Let gy, ..., g, be real-valued
functions such that g;(z;) is a function only of x;, i = 1,...,n. Then

E{g1(X1) - - gn(Xn)} = E{g1(X1)} - - - E{gn(X0)}
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Review

Theorem 4.6.7 (Generalization of Theorem 4.2.12): Let X;,..., X, be
mutually independent random variables with mgfs My, (¢),..., My, (t). Let
Z =X1+---+ X,,. Then the mgf of Z is

Mz(t) = Mx, (¢) - - - Mx,(t)
In particular, if Xi,..., X, all have the same distribution with mgf M (t), then

Mpg(t) = {Mx(t)}"
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Review

Theorem 4.6.11 (Generalization of Lemma 4.2.7): Let X;,..., X, be
random vectors. Then X1, ..., X, are mutually independent random vectors if
and only if there exist functions g;(z;), ¢ = 1,...,n, such that the joint pdf or
pmf of (X1,...,X,) can be written as

f(wlv SO 7wn) = gl<w1) e gn(wn)
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Review

Theorem 4.6.12 (Generalization of Theorem 4.3.5): Let X;,..., X, be
independent random vectors. Let g;(,;) be a function only of &;, i = 1,...,n.
Then the random variables U; = ¢;(X;), i = 1,...,n, are mutually independent
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Review

® Chebyshev's inequality

® Markov inequality

e Normal tail probability

® Holder's inequality

® Cauchy-Schwarz inequality
e Covariance inequality

® Minkowski's inequality

® Jensen's inequality

® Inequality for means
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Review

Definition 5.1.1: The random variables X1, ..., X, are called a random
sample of size n from the population f(x) if Xy,..., X,, are mutually
independent random variables and the marginal pdf or pmf of each Xj is the
same function f(z). Alternatively, Xy, ..., X, are called independent and
identically distributed random variables with pdf or pmf f(z). This is
commonly abbreviated to iid random variables
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Review

Definition 5.2.1: Let Xy,..., X,, be a random sample of size n from a
population and let T'(x1, ..., z,) be a real-valued or vector-valued function
whose domain includes the sample space of (X, ..., X,). Then the random
variable or random vector Y = T'(X1, ..., X,,) is called a statistic. The
probability distribution of a statistic Y is called the sampling distribution of Y
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Review

Definition 5.2.2: The sample mean is the arithmetic average of the values in
a random sample. It is usually denoted by

Definition 5.2.3: The sample variance is the statistic defined by

1

S? =
n—1

> (X - X)?

The sample standard deviation is the statistic defined by S = /52
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Review

Theorem 5.2.6: Let Xy,..., X, be a random sample from a population with
mean p and variance 0% < co. Then

e E(X)=p (unbiasedness)
- 2

o
o Var(X) =2

ar(X) ”
® E(S?) =02 (unbiasedness)
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Review

® Important factoids Let X,..., X, be random variables whose
expectations and variances exist
L4 E(X1 —+ -+ Xn) = ?:1 E(XZ)
b Var(X1 + -+ Xn) = ?:1 Var(Xz) + Zi;ﬁj COV(X,L', XJ)

® Note for a random sample,
Var(X; + -+ + X,,) = nVar(X))
e Note for a previous example of sampling without replacement,

Var(X; + -+ X,,) = nVar(X;) + n(n — 1)Cov (X1, X»)
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Review

Theorem 5.2.7: Let Xy,..., X, be a random sample from a population with
mgf Mx(t). Then the mgf of the sample mean is

Mx(t) = {Mx(t/n)}"
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Review

e When the mgf of X is not recognizable, or the population mgf does not
exist, the transformation method might be used. In such cases, the following
convolution formula is useful

Theorem 5.2.9: If X and Y are independent, continuous random variables
with pdfs fx(x) and fy(y), then the pdf of Z = X 4+ Y is

fa() = [ fx() iz = w)du
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Review

Theorem 5.3.1: Let X;,..., X, be a random sample from a n(u, o*) B
distribution, and let X = (1/n)>" ; X; and S? = {1/(n — 1)} X1 (X; — X)2
Then

e X and S? are independent random variables

o X ~n(p,0%/n)

* (n—1)8%/0® ~ x5,
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Review

Definition 5.4.1: The order statistics of a random sample X, ..., X,, are the
sample values placed in ascending order. They are denoted by X(y),..., X, J
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Theorem 5.4.4: Let X(y),..., X(,) denote the order statistics of a random
sample, Xy, ..., X, from a continuous population with cdf Fx(z) and pdf
[x(z). Then the pdf of X, is

n! j=lg1 _ AT
Fro(®) = o= K@ @Y 1 - Fx(e) )

® Proof: Fx (z)=>}_; (Z){Fx(x)}k{l — Fx(x)}" % and then differentiate

Shu, D (Penn&CHOP) 74 / 90



Review

Theorem 5.4.6: Let X(y),..., X(,) denote the order statistics of a random
sample, Xy, ..., X, from a continuous population with cdf Fx(z) and pdf
fx(x). Then the joint pdf of X(;) and X(j), 1 <i<j<n,is

Fxx) (,0)
n! i—1
= oD im= j)!fX(U)fX(U){FX<u)}

x{Fx(v) = Fx(u) {1 = Fx(v)}"™

for —oco < u < v < 0
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X, %5 X: A sequence of random variables, X;, X5, ..., converges in
probability to a random variable X if, for every € > 0,

lim P(| X, —X|<e) =1

n—00

X, £ X: A sequence of random variables, X, X5, ..., converges almost
surely to a random variable X if, for every € > 0,

P(lim | X, —X|<e)=1
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Definition 5.5.10: A sequence of random variables, X7, X5, ..

distribution to a random variable X if
lim Fx, (z) = Fx(z)
at all points « where F'x(z) is continuous. We also write this

X, -4 X

. converges in
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Almost sure convergence

1

Convergence in probability

1 If converging
to a constant

Convergence in distribution
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Theorem 5.5.2 (Weak Law of Large Numbers): Let X, X, .. .be iid
random variables with E(X;) = p and Var(X;) = 0% < co. Define

X, = (1/n) >, X;. Then, for every € > 0,

lim P(|X, —pl <e) =1

n—oQ
That is, X,, converges in probability to s

X, =

We say that X, is consistent for x
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Theorem 5.5.9 (Strong Law of Large Numbers): Let X, X5, .. .be iid
random variables with E(X;) = p1 and Var(X;) = 0® < co. Define
X, = (1/n)> ", X;. Then, for every ¢ > 0,

P(lim | X, —pu| <e)=1

n—oo

That is,

X, — u
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Theorem 5.5.14 (Central Limit Theorem): Let X, X5, ... be a sequence of
iid random variables whose mgfs exist in a neighborhood of 0 (i.e. Mx;(t) exists
for |t| < h, for some positive h). Let E(X;) = p and Var(X;) = 0 > 0 (Both p
and o2 are finite because the mgf exists). Define X,, = (1/n) X", X;. Let
Gn(z) denote the cdf of \/n(X,, — it)/o. Then, for any z € (—o0, c0),

z 1 2
lim G, (x) :/ ——e YV 2dy

n—00 — 00 A /27'('

That is,

Vn(X, — p)fo = n(0, 1)
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Theorem 5.5.15 (Stronger form of the CLT): Let X, X5, ... be a sequence
of iid random variables with E(X;) = y and 0 < Var(X;) = 0* < co. Define
X, = (1/n)>", X;. Let G, () denote the cdf of \/n(X,, — u)/o. Then, for
any x € (—00,00),
|
lim G, (x) :/ —— eV 2y

n—00 —00 A /2’/T

That is,

V(X — p)/o o n(0,1)
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¢ Continuous mapping theorem/Mann-Wald mapping theorem

Suppose that X, X, .. .is a sequence of random variables and f: R — R
is a Borel function (includes continuous functions) whose set D of
discontinuities is such that w : X(w) € D € F and P(X € D) =0. If X,
converges to X either

® almost surely

® in probability, or

® in distribution
Then g(X,,) converges to g(X) in the same sense

Shu, D (Penn&CHOP) 83 / 90



Review

Theorem 5.5.17 (Slutsky’s Theorem): If X, %4 X and Y,, -2 a, where a
is a constant, then

e X, Y, % aX
e X, +Y, S X+ta
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Theorem 5.5.24 (Delta Method) Let Y,, be a sequence of random variables

that satisfies \/n(Y, — 8) —= n(0, o2). For a given function g and a specific
value of 6, suppose that ¢’() exists and is not 0. Then

V{g(Ya) — g(0)} % n(0,0*{g'(0)}?)

Theorem 5.5.26 (Second-order Delta Method): Let Y, be a sequence of

random variables that satisfies \/n(Y;,, — 6) N n(0,0?%). For a given function g
and a specific value of 6, suppose that ¢'(#) = 0 and ¢”(f) exists and is not 0.

Then
o) - 9(0)) < *{ 2 1
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e Let T = (T},...,T;)" with mean p and variance-covariance matrix Y. Let

Q = G(T) = (9:(T)..... gn(T))". Then
E(Q)~ G(pn) and Var(Q)~ H(p)SrH(p)"

where H(p) = H(t)|¢—, and

J0g1(t) Jg1(t)
oty o oty
Hit)y=| : -~
Dgm(t) Dgm (t)
oty o Oty
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e Final exam focuses on materials after the midterm (after Section 3.3)

e A couple of notes (1/3)
* E()
® is sum or integration

includes mean, variance, moments and mgfs
® handy calculation of E(X) and Var(X) using hierarchy

® Derive marginal and conditional pdfs/pmfs from a joint pdf/pmf
® Univariate, bivariate, or multivariate transformations

® discrete case or continuous case?
® do we have 1 to 1 transformation?
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e A couple of notes (2/3)

® mgfs can be used to
® derive moments
® derive variance through 1st and 2nd moments
® name/recognize a distribution (note: simplified derivation for sum of
independent r.v.s)
® examine convergence in distribution
® |ndependence of r.v.s
® s verified when both joint density and support region factor
® implies the independence of events and functions of r.v.s.
® implies that, expectation of product = product of expectation
[ ]

implies that covariance and correlation = 0; the opposite direction is true for
normal r.v.s but does not generally hold
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e A couple of notes (3/3)

Relations between r.v.s (e.g. square of standard normal is chi-square)
Random sample means iid

Sample mean and sample variance are unbiased. More properties when
assuming normal distribution

Order statistics (min, max and more)

Probabilistic inequalities and applications

Three modes of convergence and their relations

How to apply LLN, CLT and Delta method and when?

Shu, D (Penn&CHOP)

89 / 90



Review

® Always double check assumptions when applying any theorems or properties
(e.g. Mxiy(t) = Mx(t)My(t) require X and Y be independent)

® Familiarity with common distributions and their relations is useful and
sometimes can save time

e Useful tools: proof by contradiction, induction, recursive relation, recognize
a kernel, integration (dxdy or dydx, polar coordinates), geometric argument
(e.g. find the area), inequalities, Taylor expansion, etc.

® Pay attention to support region

® Go back to definitions if no clue; they are fundamental and often the first
step of solutions
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